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Abst ract .  A graph is HHD-free is it does not contain a house (i.e., the 
complement of Ps), a hole (a cycle of length at least 5) or a domino 
(the graph obtained from two 4-cycles by identifying an edge in one 6'4 
with an edge in the other C4) as an induced subgraph. The MINIMUM 
FILL-IN problem is the problem of finding a chordal supergraph with 
the smallest possible number of edges. The TREEWIDTH problem is the 
problem of finding a chordal embedding of the graph with the smallest 
possible clique number. In this note we show that both problems are 
solvable in polynomial time for HHD-free graphs. 
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1 In t roduct ion  
A graph is HHD-free if it does not contain a house (i.e., the complement of Ps), 
a hole (Ck for k _> 5) or a domino (see Figure 1). 
Fig. 1. 'House' (left), 'hole' (middle) and 'domino' (right) 
* k loks@math ,  utwente,  nl  
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Elimination and structural properties for HHD-free graphs were obtained 
in [8, 10]. For more information, the reader is referred to [17, 4]. 
A graph is chordal if it does not contain a ehordless cycle of length at least 
four as an induced subgraph. A triangulation of a graph is a chordal supergraph 
with the same vertex set. Two triangulation problems have drawn much attention 
because of the large number of applications. The first is to find a triangulation 
of the graph such that the number of edges is minimum. This is called the MINI- 
MUM FILL-IN problem. This problem is strongly related to Gaussian elimination 
of matrices. The second is called the TREEWlDTH problem. The objective in this 
case is to find a triangulation of a graph such that the clique number is as small 
as possible (the treewidth of the graph is the minimum clique number over all 
triangulations minus one). Both problems are NP-complete in general [21, 1], 
but polynomial time Mgorithms exist for many special graph classes such as 
cographs, circle and circular arc graphs, permutation graphs and, more gener- 
ally, eocomparability graphs with bounded imension, chordal bipartite graphs 
etc. [3, 12, 16, 15, 2, 0, 13, 5, 11, 18]. 
In this paper we show that the TREEWIDTH and the MINIMUM FILL-IN prob- 
lem are solvable for HHD-free graphs. 
Notice that adding an edge between two non adjacent vertices of a C4 in an 
HHD-free graph, may introduce a new chordless cycle, and hence the resulting 
graph may no longer be HHD-free. This is illustrated for example by a graph 
consisting of a path and two non adjacent vertices that are adjacent to all vertices 
of the path. Joining the end vertices of the path by an edge would destroy the 
outer cycle (that was a C4). But we get a cycle that consists of the path and 
the new edge. When we make the path long enough we get a cycle of length at 
least five. Hence, it is not clear whether a ~minimum C4 destroying set of chords' 
leads to a chordal graph (note that all chordal graphs are HHD-free). If true, this 
could tead to a possible solution for the minimum fitl-in problem by finding a 
minimum vertex cover in an auxiliary graph defined on the chords of the C4's (if 
the VEaTEX COVEa problem can be solved for this auxiliary graph) (see [19, 5]). 
Instead of taking this approach we only make some fairly easy observations 
for the minimal separators of an HHD-free graph, which enable us to use a 
'standard' dynamic programming technique to solve the problem. 
2 Pre l iminar ies  
We denote the number of vertices of a graph G = (~/% E) by n and the number 
of edges by rn. For a vertex x E V, N(x) is the neighborhood of x and N[x] = 
{x} U N(x) is the closed neighborhood of x. 
If ~c2 is a set and x C Y2, then we write Y2 - x instead of ~2 \\ {x}. For a subset 
Q of vertices, we write G[Q] for the graph induced by the vertices of Q. For a 
vertex x, we write G - z instead of G[V - x], and for a subset W of vertices we 
write G - W for the graph G[V - W]. 
A hole is an induced cycle of length at least five. The house, hole and domino 
are depicted in Figure 1. 
111 
Def in i t ion  1. A graph is HHD-free if it does not contain a house, hole or domino 
as an induced subgraph. 
Def in i t ion  2. A graph is chordal if it does not contain an induced cycle of length 
more than three. 
Def in i t ion3 .  Let a and b be non adjacent vertices. A set S of vertices is a 
minimal a, b-separator if a and b are in different connected components of G - S 
and there is no proper subset of S with the same property. A minimal separator 
is a set S of vertices for which there exist non adjacent vertices a and b such 
that S is a minimal a, b-separator. 
For the following lemma, we refer to [7]. 
Lemma 4. A set S of vertices is a minimal separator if and only if there exist 
two connected components C1 and C2 in G - S such that every vertex of S has 
at least one neighbor in C1 and at least one neighbor in Cu. 
Def in i t ion  5. Let S be a minimal separator and C a connected component of 
G - S such that every vertex of S has a neighbor in C. Then S is close to C. 
There exist many characterizations of chordal graphs. We use the character- 
ization given by Dirac [6] using minimal separators. 
Lemma 6. A graph G is triangulated if and only if every minimal vertex sepa- 
rator induces a complete subgraph of G. 
Def in i t ion  7. A triangulation of a graph G is a graph H with the same vertex 
set as G such that G is a subgraph of H and H is chordal. A triangulation H of 
G is minimal if no proper subgraph of H is also a triangulation of G. 
Def in i t ion8 .  The minimum .fill-in of a graph G, denoted by mfi(G), is the 
minimum number of edges which are not edges of G, of a a triangulation of 
G. We write mfi*(G) = m + mfi(G) for the number of edges in a triangulation 
realizing the minimum fill-in. The treewidth of a graph G, tw(G), is the minimum 
clique number of a triangulation of G minus one. 
Remark. Notice that for the treewidth and minimum fill-in problem we only 
have to consider triangulations that are minmal. 
For a proof of the following, see, e.g., [14]. 
Lemma 9. Let H be a minimal triangulation of a graph G and let S be a minimal 
a, b-separator of H for non adjacent vertices a and b in H. Then S is also a 
minimal a, b-separator in G, and if C is the vertex set of a connected component 
of H - S then C induces also a connected component in G - S. 
For a proof of the following corollary of Lemma 6 and Lemma 9, we refer 
to [151 . 
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Coro l la ry  10. If G is a clique then the treewidth equals the number of vertices 
minus one. The minimum fill-in of a clique is zero. Assume G is not a clique. 
Then 
tw( G) = min max tw ( H ( S, C) ) 
s c 
where the minimum is taken over all minimal separators S in G and the max- 
imum is taken over all connected components C of G - S. For the minimum 
fill-in, we have: 
2.1 Minimal separators in HHD-free graphs 
Lemma11.  Let S be a minimal separator in an HHD-ffee graph G. Let C be 
a connected component of G - S such that S is close to C. For every pair of 
vertices x and y in S, there exists a vertex p in C adjacent o x and y. 
Pro@ Assume x and y do not have a common neighbor in C. By lemma 4, 
there exists at least one other component C' of G - S such that x and y have a 
neighbor in C t. Then either a house, a hole, or a domino must exist. 
Theorem 12. Let S be a minimal separator in a HHD-free graph and let C be a 
connected component of G - S such that S is close to U. Then there is a vertex 
p in C adjacent o all vertices of S. 
Pro@ Consider two adjacent vertices p and q in C and assume they have private 
neighbors in S, p' and q' respectively (i.e., p' is not adjacent o q and q' is not 
adjacent o p). By Lemma 11 p~ and q~ have a common neighbor in some other 
connected component C'. This gives a house or an induced 5-cycle. Hence, since 
C is connected, there is a linear ordering by inclusion of N(x) R S for the vertices 
x in C. Since every vertex of S has a neighbor in C a maximal element in this 
ordering must be adjacent o all vertices of S. D 
Coro l la ry  13. Let G be an HHD-fl°ee graph and let S be a minimal separator 
in G. Then there exist non adjacent vertices p and q such that S = N(p) N 
N(q). Hence, if G is HHD-free, then there are at most O(n 2) different minimal 
separators in G. 
Proof. Since S is a minimal separator there exist connected components C and 
C I of G - S such that S is close to both. By Lemma 12 there are vertices p and 
q in C and C / respectively such that S C_ N(p) Cl N(q). The neighbors of p are 
contained in S U C and the neighbors of q axe contained in S U C 1. This proves 
the corollary. [] 
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3 F rom lumps  to  smal le r  lumps  
Def in i t ion  14. Let S be a minimal separator and C a connected component of 
G - S. The pair (S, C) is called a lump. We write H = H(S, C) for the graph 
obtained from G[CUS] by adding edges uch that S becomes a clique. The graph 
H is called a realizer of the lump. 
Our algorithms for treewidth and minimum fill-in use dynamic programming 
on lumps. In this section we describe in detail how the minimum fill-in and 
treewidth of the realizer of a lump are expressed in the treewidth and minimum 
fill-in of smaller realizers. 
In the first stage of the algorithm a list is made of all lumps (S, C) and this 
list is sorted according to IS I + IcI, the number of vertices of G[S U C]. For each 
lump (S, C), the treewidth and minimum fill-in of the realizer H = H(S, C) is 
computed (in a way described hereafter). When this is completed the treewidth 
and minimum fill-in of G can be obtained using Corollary 10. 
We describe in detail how the treewidth and minimum fill-in of a realizer is 
expressed in the treewidth and minimum fill-in of smaller ealizers in the rest of 
this section. 
Throughout his section, let S be a minimal separator of G, let C be a 
connected component of G \ S, and let H = H(S, C) be the realizer of the lump 
(S,C). 
Lemma 15. Let S* C S be the set of vertices of S with a neighbor in C. Then 
S* is a minimal separator in G close to C. 
For the trcewidth of H, we have tw(H) = max(IS I - 1, tw(H*)) where H* = 
H(S*, C), and for the minimum fill-in: mfi*(H) = (12Sl) - (IS2*l) + mfi*(H*). 
Proof. If S* = S there is nothing to prove. 
We show that S* is a minimal separator in G. C is a connected component 
of G - S* and every vertex of S* has a neighbor in C. There exists at least one 
connected component C' different from C in G - S such that every vertex of 
S has a neighbor in C'. Since S* C_ S, C' is contained in connected component 
different from C in G - S*. Using Lemma 4 this proves the lemma. [] 
Let /2 be the set of vertices in C which are adjacent to all vertices of S. 
Hence if S is close to C, by Theorem 12, J2 ¢ ~. 
We first consider minimal triangulations Q of H in which/2 is not a clique. 
Lemma 16. Assume ~2 ~ O. Let Q be a minimal triangulation of H such that 
[2 is not a clique in Q. Then there is a minimal separator S' of Q which is also 
a minimal separator of G with S C S' C S U C. 
Let C1,..., Ct be the connected components of H - S'. If Q realizes the 
treewidth of H, then tw(H) = max~ tw(Hi) where Hi = H(S', Ci). If Q real- 
izes the minimum fill in we have mF(Z) :  + 
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Pro@ Let p, q E/2  be non adjacent in Q. Clearly every minimal p, q-separator 
S r in O contains S since p and q are in /2. Since S r is a minimal separator in 
Q for vertices p and q in C, and since S is a clique in Q, S t c S u C. Since 
Q is a minimal triangulation of H, S ~ is a minimal p, q-separator in H.  Since 
S c S ~, G and H have the same set of edges, except between vertices which are 
both in S ~. Hence S ~ is a minimal p~ q-separator of G. The formulae follow from 
Corollary 10. [] 
Remark. Notice that the the number of vertices in each lump Hi in Lemma 16 
is strictly less than the number of vertices in H, since p and q are not both 
contained in the same lump. 
We now consider minimal triangulations of H in which/2 is a clique. 
LemmalT .  Assume 22 = C and let Q be a minimal triangulation Q of H such 
that [2 is a clique in Q. 
If Q realizes the treewidth of H, then tw(It) = [C I + ISI - 1. If Q realizes the 
minimum fill-in: mfi* (H) = (ICuSt~ 
\ 2 ]" 
Pro@ Obvious, since Q is a clique. [] 
Before we continue we need the following crucial observation. 
Theorem 18. Assume o(2 # 0 and £2 ¢ C. Let C* be a connected component of 
G[C - 22]. Then at least one vertex of S does not have a neighbor in C*. 
Pro@ Consider the graph G* = G - (2. Then G* is HHD-free and C* is a 
connected component of G* - S. If every vertex of S has a neighbor in C* then 
S would is a minimal separator of G* close to C*. But then, by Theorem 12, 
there is a vertex in C* adjacent o all vertices of S, which is a contradiction. [] 
Lemma 19. Assume 22 # 0 and 22 5/= C. Let Q be a minimal triangulation of 
H such that $2 is a clique in Q. Let C1,... ,  Ct be the connected components of 
G[C-  22]. Let Si be the set of vertices in S U 22 with a neighbor in Ci in G. Then 
Si is a minimal separator in G. 
If Q realizes the treewidth of H, tw(H) = max( IS  U 22]-  1,maxi tw(Hi)), 
where Hi = H(Si, Ci). If Q realizes the minimum fill-in we .find: mfi* (H) = 
Pro@ Since Q is a minimal triangulation Ci (i =" 1 , . . . , t )  are the connected 
components of Q[C - /2 ]  and S~ is the set of vertices with a neighbor in Ci 
in Q. By Theorem 18 there exists a vertex pi E S without a neighbor in Ci. 
Then for any vertex qi E Ci the set S~ is a minimal pi,qi-separator in Q and 
hence also in H. We show that ,5~ is also a minimal separator in G. There exists a 
connected component C r other than C such that S is close to C .  The component 
C ~ is contained in a connected component C* of G - Si different from C.i. Then 
pi E C*. Hence every vertex of o°i M [2 is a neighbor of Pi E C* and every vertex 
of Si f) S has a neighbor in C t C C*. It foIlows that Hi is a lump. [] 
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Remark. Notice that the number of vertices of each realizer Hi is strictly less 
than the number of vertices in H since at least one vertex of S is not a vertex 
of Hi. 
4 A lgor i thms fo r  the  t reewidth  and  min imum fil l-in 
The algorithms we propose use dynamic  programming on lumps  to compute  the 
treewidth and min imum fill-in of the realizers of these lumps. First a list of all 
lumps  (S, C) is made and this list is sorted according to the number  of vertices 
of SUC.  
We use the adjacency matrix to test for adjacencies. Creating a list of all 
minimal separators can be performed in O(n 3) time using Corollary.13. For a 
minimal separator S, the vertex set of each connected component of G - S 
can be computed in O(n + m) time. Hence, creating a list of all lumps takes 
O(n2(n + m)) time. Furthermore, within the same time bound, for each lump 
(S, C) a minimal separator S* C_ S can be determined such that S* is close to 
C. 
Notice that the total size of the list of lumps is O(n3). Sorting this list 
according to the number of vertices in the lumps using a linear time sorting 
algorithm takes O(n 3) time. 
If for a lump (S, C) the separator S is not close to ¢,  the treewidth and 
minimum fill-in are given by Lemma 15. Since S* is known, the treewidth and 
minimum fill-in of H(S, C) can be determined in constant ime in this case. 
Now consider a lump (S, C) such that S is close to C. Clearly a possible 
triangulation of the realizer H = H(S, C) is to make a clique of S U C. In that 
case the the treewidth and minimum fill-in of that triangulation can easily be 
determined. 
Determining the s t f~ takes linear time (for each x, one only has to count 
the number of neighbors in C, and if this number is equal to the size of C then 
x belongs to ~). 
We first consider triangulations Q of H such that ~ is not a clique in Q. 
We use Lemma 16 to determine the minimum fill-in and treewidth in that case. 
Creating a list of minimal separator S* with S C S* C S O C can be done in 
O(n 3) time. For each such S*, we determine the components C1 , . . . ,C t  that 
partition G[C - (S* \ S)] in t ime O(n) time. If this partition contains only 
one component  we can ignore the choice of S* since in that case S* cannot 
be a min imal  separator for two vertices in ~. Otherwise update the min ima 
for the treewidth and min imum fill-in of H according to the formulae given in 
Lemma 16. 
Now we consider triangulations Q where f~ is a clique in Q. If f~ = C, then 
updat ing the current min ima for the min imum fill-in and treewidth is trivial 
according to Lemma 17. If f2 ¢ C we use Lemma 19. In that case the components  
CI,..., Ct of G[C -/2] can be computed  in linear time. It is easy to see that the 
sets S~ C S U S? which have a neighbor in Ci can be determined in O(n + m) 
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time. Hence updating the minima for the treewidth and minimum fill-in of H in 
this case takes O(n + m) time. 
Theorem20.  There exists an O(n ~) time algorithm computing the treewidth 
and minimum fill-in of an HHD-ffee graph. 
5 Conc lus ions  
In this note we presented a polynomial time algorithm to compute the treewidth 
and minimum fill-in for HHD-free graphs. We do not claim that our algorithm is a 
very practical one. Indeed we feel that it is possible to improve the time bounds 
for these algorithms by analyzing the structure of the minimal separators or, 
equivalently, the structure of the C4's in more detail. 
Another question which is left open, is whether a minimum cover of all C4's 
by ~diagonals' gives a chordal graph. If this is the case, this could lead to a more 
efficient algorithm for the minimum fill-in of HHD-free graphs. 
The class of HHD-free graphs is properly contained in that of the weakly 
chordal graphs. These are graphs without induced Ck or Ck for any k > 5. It is 
easy to see (by using the results on so called two-pairs [9]) that the number of 
minimal separators in this case is also at most O(n2). However, unitl now, the 
complexity of the treewidth and minimum fill-in problem for this graph class is 
unknown. 
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